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AN ORTHOTROPIC LAMINATE COMPOSITE
CONTAINING A LAYER WITH A CRACK

K. ARIN

Lehigh University, Bethlehem, Pennsylvania, 18015, U.S5.A.

ABSTRACT

A laminate composite containing an orthotropic iayer with a
crack situated normal tolthe interfaces, and bonded to two ortho-
tropic half-planes bf dissimilar materials, is considered. The
solutions for two different classes of orthotropic materials are
presented separately. 1In each case, the problem is first reduced
to a system of dual integral equations, then to a singular inteqral
equation which is subsequently solved nﬁmefically for the stress
intensity factors at the tip of the‘crack. The effect of the
material properties on the stress inteﬁsity factqr is investigated.
Two cases, the generalized plane stresé and the plane strain, are

treated simultaneously.



1. INTRODUCTION

The increased use of composites can probably be attributed to
the fact that they are a group of structural elements which opti-
mize thg requirements of safety and economy. As a result, this
has prompted the solution to many problems involving various com-—
posite geometries [11 - [4], {10], [131~-{17]. One particular
composite geometry of practical importance is fhe multi-layered
isotropic medium consisting of many layers, including the presence
of possible flaws. This problem has been treated by Hilton and
Sih [1} by simplifying the geometry to the form of a single layer,
with an internal crack normal to the interfaces, bonded to two
dissimilar half—planes with averaged eiastic properties. Through
the applicationlof an integral transform techniQue, a Fredholm
integral equatibn is obtained and solved to obtain the crack tip
stress field. Reéently, the same problem has also been considered
by Bogy [4]. Furthermore, the case of a crack touching the inter-
faces has been investigated by Ashbaugh {[2] and Gupta [3], where
the stress state around the crack tip has been found by the method
of integral transforms, thé singularity‘having been shown to be

different than 1/2.

In this paper, the solution of the problem treated by Hilton
and Sih will be extended to the case of orthotropic materials.
Since the orthotropic materials can be classified in two groups,
there are four possible material combinations. Two cases, where
the layerland the matrix are both of the same material type, are

formulated, and the corresponding solutions are presented. The

2



W

solutions to the other two combinations can be obtained in an
identical manner. 1In each case, the problem is formulated in:
terms of integral transforms, using the procedure described by
Sneddon [5]. The dual integral equations resulting from the mixed
boundary conditions are solved by reducing them to a singular
integral equation, and then employing the numerical technique
described in [7]. For certain choices of material parameters,

the effect of crack size on the stress intensity factor is shown

in Figures 2 - 6.
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2. GENERAL FORMULAS

For an anisotropic elastic body the equilibrium egquations, the
stress-strain and the strain-displacement relations in the absence

of body forces are:

BGX aTxy STXZ
ax + ay t g T 0
BTEZ, T BTYZ
9x + oy t 5z T 0
Bsz 0T z Boz
5% T -_—Lay t g =0 (2.1)
P . 7
“x €x
c
y “y
g, o i, 3 = 1,6
= [Alj] r
Tyz sz Aij = Ajl
Txz Yxz
| “xy_ | Txy | (2.2)
x  ox ! y 9y ' v4 dZ
v = v, W - dw . Bu = U, 9
Yyz = 3z + 3y ! Yz = 3% T 3z ’ Yxy = 3y t 3% (2.3)

cubstitution from (2.3) into (2.2) and (2.1) yields the equilibrium

equations in terms of the displacements:



All%§+A66§;%+A55§;B+A16 zX§+A26%y—§+A45§§
+ Ay %E%" A6 E“Z% + B3g 32_‘; + 2R g‘?:%;? + 23 gigz

‘x 3y 3z
t 2R gigz * (A66+A12)%§%§ + (Bggt A14)%>2?§E
+ (B +A25"3‘§%§ By A56”§__ * (A13+A55)gigz
* (agg t 45’g§gz =
216 gj‘{lz_1+‘“‘26 %*Augz‘g’*%s %;{%*Azz “2‘3%*%4 zig
+ Agg 5}2_;% * By gg + Agy ‘2‘2‘% + (Bggt AlZ)gigy
* (A56+Al4)%§{§§ + (A 25*%6’3?3 + 2B %32‘%}7
t 2Ry gigz + 2By, gzg + (Byg+ 46)gi‘gy t (Bygt 36)gi§z
+ (At 44)g§gz =
A1s %"2"% + Pye gig t Agzg ig + Rgg ziv t Boy %}2’% + Bgy “z‘i_‘;{'
+ Bgg ’2‘5{‘5‘+ Byq gg‘ * B33 %E% + (A +A56)gj:§y
+ (Bg A13)g:2<§z + (Baq 45’%%?* (A25+A46)gz”x_g§
* (A36+A45)g_i%5 T Ayt A23)%§r‘§_z + 2Ry %f_c% + 2R3 %i%?
+2a 34 gigz -

(2.4)



Defining the inverse of the matrix [Ai

[al =

a7t

j]

and noting that for orthotropic materials

[a] =

(a] =

by

(2.5)

(2.6)

Equilibrium equations (2.4) in the case of orthotropy are further

simplified to give (see [6]):



2 2 2
°u 27 0% u 9
A —— + A — + A —_— + [{A -A,,)
44 sz 66 ay2 55 3z 9x il 44
+ (A . +A )3"+ (Ai.+A.)] =0
127 ©¢6’' 3y 137" #55'5z
2 2 2
3°v 3°v 8°v 3 .
A, = +A.. —= + A + — [(A,, +A_ )as
66 axz 55 8y2 44 Bzz ay 12 66’ 0x
v oW . _
* By, —Agglgy + (Bt Ay,)gl =0
2 2 2
o w 9w 3w ]
A —= + A + A — + = [{(A.,+ A )=z
55 ax2 44 ay2 66 3z 8z 13 557 9x
oV ow .
+ (ByytAglgy + (Byg-Bgelyyl =0

(2.7)

which reduce to the Navier's equations for isotropic materials.

Since the problem under consideration is one of the plane

theory of elasticity, the formulas of the plane strain and the

generalized plane stress will be given below.

2.1 Plane Strain

From the conditions of plane strain, i.e.,
w =20, u = u({x,vy) , v = vix,y)

and (2.3) we have

€x T Ix ’ v T 3y ' Yxy T 37 T 9x
€z=sz='YXZ=O

(2.8}

(2.9)

Furthermore from (2.2) we conclude that for the bodies possessing

at least one plane of elastic symmetry (the plane perpendicular to

z~axis)

Ty = Tyz = 0

(2.10)



and the first two equations of (2.4) can be solved to give the

displacements u,v, the third being automatically satisfied.

In particular, for orthotropic bodies we have

2
97 u 27U
Az T Ree 2 T (A1y+Ree) Txay

~ ¥ (Al2+A65) — = 0 (2.11)

+ =1 =0 (2.12)

2.2 Generalized Plane Stress

Assuming (see‘[l2])

g =T =T = 0 {2.13)

X X
€y = [al UY
xy Txy B . (2.14)
where
411 %12 %16 STRRST ilBT
(3] = |ay, ay, 3 |r [A]= a1 - By Ryy By
216 %26 %66 SERRE E33_

(2.15)



Substitution from (2.3), (2.13) and (2.14) into (2.1) yields

2 2 2
= v

= 0" u = | = g u 3 v
Ry, =5+ Ay =5+ 2R3 gms t Ry —3 By 3
ax 3y ax Yy
2
= 9"V _
+ (Agg+Ap)amy =
2 2 2 2 2
= 3%u - 8%u = 2°u = 3w 3V
B, 29 4+ (R, +E..) 9L AL SY 4+ 2R
13 57 12" B33l amay T Pes 2 T Pan 2 23 %0y
LR Y g (2.16)
22 T2 " :
3y

B v 7] B v h
1 _ _¥X 1 VX
E, E 0 E ‘A E_*A 0
x Y y Yy
vxz 1 vxy 1l
[al =1-g = 0 |- Bl=|g= g g O
X V4 X
0 0 0 0 G
i l/ny_ B xy |
A = E“%E" (1 - v v) (2.17)
< By Yy Y
and (2.16) reduces to
2 2 : 2
= a"u = 3 u a7V
A, 2R3+ AL s+ (B, +A ) = O
11 8x2 33 ayz 33 127 3xoy
2 2 2
= a"v - v = a"u
Byz T2 % P2 a2 * (Agat 12)3x8y = (2.18)

Hence for the orthotropic materials equations (2.11) and (2.18) can
be expressed as

2 2

3 u 2a7u v
B. —= + — + B, =—=— =0
1 axz By2 3”3x3y
2 2 .2
a~v v 3 ua
3Y g, 2 ¥ g, =0 (2.19)
axz 2 ayz 3 8x9y



where

A A A
By = Kll , B, = KE% ; By = 1+ Kl% for plane strain
66 66 66
A A A
By = :_i ; By = :ZE ’ By =1+ :lg for generalized
A A A plane stress
33 33 _ 33

(2.20)

3. FORMULATION OF THE PROBLEM

A single layer of width 2h is assumed to be bonded to two half-
planes of dissimilar materials.) Both the layer and the matrix are
considered orthotropic. A crack of length 2a is symmetrically
located being normal to the interfaces (see Figure 1) . The case
a<h will be studied. The case a=h is given in [10]. The crack
surface loading consists of normal stresses distributed symmetri-
cally. The solution of the skew-symmetric case can be obtained
Similarly. A superscript * for the elastic constants will refer to

the matrix.

The approach described in [5] will be used. First, we will
Gbtain the solutions of (2.19) satisfying certain boundary condi-
tions of the layer and the matrix. The combination of these solu-

tions will be forced to satisfy the rest of the boundary conditions.

3.1 Solutions uo(x,y), vo(x,y)

Assume

2
uo(x,y) = = f(t,x) cos tydt

O—8
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v (x,y) = [ £ (t,x) sin tydt (3.1)
o (&)

Substitution from (3.1) into (2.19) gives

2 af
37 f 2 o _
Bl 3_5 - +7f + B3t T 0
X
2
3°F
o 2 of _
2 - B f t% - Byt 5= =0 (3.2)
X
which can be solved to give
sltx -sltx sztx —sztx
£(t,x) = A(t)e + B(t)e + C{t)e + D(t)e
sltx —sltx
fo(t,x) = BT[A(t)e - B(t)e i
sztx -sztx
+ BB[C(t)e - D(t)e ] (3.3)
where
8.2 - BB, - 1 8
By = =2, Bg=g2, Bg=78,7 - a8,
"1 . 1 L
and 8y and s, are the roots of
-4 2 _
s + 845 + 85 4]
Hence
s = wy + iw, = v’(—B4 + Bg)/2
S, = Wy + iw4 = f{—B4 - 86)/2
: 2 ' 2
1 - Blsl 1 - 8152
B7 = ~Bis, Bg = 5. (3.4)
371 ' =372

Hence uo(x,y) and vo(x,y) are determined in terms of unknown func-
tions A(t), B(t), C(t), D(t). Note that B's here correspond to the
laver.
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3.2 Solutions.uz(x,y), v2(x,y)

Assume

2 [+ ]
u, (x,¥) = & (J; £, (t,x) cos tydt

2 7
vy (x,y) = = i f,(t,x) sintydt {(3.5)

Then the solution will be identical to uo(x,y), vo(x,y) except £'s

*
will be replaced by B 's to refer to the matrix. Hence,

* *® *
s, tx -5 tx s;tx -s.,tx
fl(t,x) = K(t}e + L{t)e + M(t)e + N(t)e
* %*
* s,tx -s,tx
£,(t,x) = 87[K(t)e ~ L(t)e 1
*t *t
* s,tx -5,tX
+gyM(tle 2 - N(tle 2 ] (3.6)
3.3 Solutions u3(x,y), v3(x,y)
Assume
2 7 o :
u3(X,Y) T £ £5(t,y) sin txdt
v, (X,y) ='% f £,(t,y) cos txdt (3.7)
o
Substitution from (3.7) into (2.19) yields
, ‘
3"t af
3 4 2
2 — Bt e - B t°f, = 0
3Y2 37 9y 1 3
2°f 2E, 5
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Solving (3.8) we obtain

slty//gg —slty//Eg
f3(trY) = E(t)e + F(t)e
s ty/vBe -s,ty/VBe
+ Glt)e 2 5 4 Hit)e 2 5
s ty/VBg -s,ty/VBg
f4(t,y) = BQ[E(t)e - F{t)e 1
sth/‘/Eg _SZtY//EE
+ BlO[G(t)e - H(t)e ] (3.9)
where
N I 81785 | 51
9 53 | . Sl ‘/g;
! B1VBg s
g, = 1 |- + (3.10)
10 B3 S2  JBD
5

and the other constants are as in uo{x,y) and vo(x,y).

3.4 Stress and the displacement fields of the laminate composite |

The displacements of the layer and the matrix will be expressed

as
uy (x,y) = u (x,¥) + uz(xy)
vl(x,y) = vo(x,y) ¥ v3(x,y) for the layer, and
uz(x,y), vztx,y) for ﬁhe matrix {3.11}

From the symmetry conditions we have

B(t) = -A(t} , =~ D(t) = -C(t)

Furthermore from the condition that u3(x,y) and v3(x,y) will

13



tend to zero as y4¥w, the unknowns G{t) and F(t) are eliminated.
Also, the condition that uz(x,y) and v2(x,y) go to zero as x> ©

will be used to eliminate K{t), M(t).

The stress field is obtained from (2.14) and (2.17) for the
case of“ggnéralized plane stress. Stress field for the plane
strain may simply be obtained by substituting AlZ/All' Alz/AZZ'
l/All and l/A22 in place of v

v (Ey-&) and (EX-A) in the

yx' “xy’

stress expressions.

In Appendix A, it is shown that sl'and s, are either real or
complex conjugates. Accordingly, the expressions below are given
for two different types of orthotropic materials. Hence, after
intermediate manipulations we have,

For Material Type I

ul(er) = u, + u3
- %E’;[A{t) sinh(w tx) + C(t)sinh (v tx)lcos ty dt
)= ~ju, | ty/ VB ~|w,lty/vBe
4'% JiERre >+ H(be ° 1] sin tx dt
o]

1

vl(x,y)-— Vo * V3

o0

= % £ [A(t) B cosh(w,tx) + C(t)Bgcoshlwstx) Isin ty dt

= ~lo) [ ty/VBg

2 ] 1 5
- < g'[81gn(wl)BgE(t)e
) _lw3|tY//§;
+ sign(m3)BlOH(t)e ] cos tx dt
. * ‘ *

o ~lwy | tx —lugftx

u, (X,y) = % f [L(t)e + N(tle ] cos ty dt

14



—|w;|tx

- 2 o . * *

v, (x,y) = - = £ [sign(w,)B,L(t)e
Jo, |t
-l ® ,
+ sign(uy)BgN({tle °  1sintydt (3.12)
and the stresses
7(l - v._ Vv __)
2E le(x'y)

x

® -lw, I ty/vB ~|w, | ty/ VB

f [YlE(t)e 1 S YzH(t)e 3 5] cos tx tdt

o

+ [2yA(t)cosh(w tx) + 2y,C(t)cosh(wstx)] cos ty tdt

[®)
a{l - v__Vv__)
Xy yX
o Gyl(x,y)
Y
w -lwq | ty/VBe ~w.,|ty/VBe
f [Y5E(t)e 1 > 4 Y6H(t)e 3 _ 5] cos tx tdt
Q .

+ | [2y,A(t)cosh (@ tx) + 2ygC(t) cosh(w,atx) ] cos ty tdt
.o

T
— T, {x,y) =
2ny xyl

o

| [2vgA(t)sinh(w tx) + 2y C(t)sinh(wstx) ) sin ty tdt
s

- ~luy | ty/VBs ~luylty/ VB
+ f [YllE(t)e + leH(t)e 1 sin tx tdt
o

*
o —|m;[tx " -]m3[tx
[ ly{3Litle + Yy aN(t)e ] cos ty tdt

15



* O ,o (X:¥)
2E
Y
* *
% -|w1|tx « -]w3|tx :
f {YlsL(t}e + ylGN(t)e ] cos ty tdt
o
T
ZG* TXYZ(X'Y)
Xy
* *
© ~|wy | tx * ~logltx
f [ygL(t)e + YioN(Ble ] sin ty tdt  (3.13)
o
For Material Type II
ul(x,y) = u, + u,
= % i{A(t)cos(wztx)sinh(wltx)
+ C(t)sin(wztx)cosh(wltx)}cos13(dt
7 % w,ty wyty  -|olty/VBg
+ o= I[E(t)cos + H(t)sin ]e sin tx dt
° 5 VB
vl(x,y) = Vv + V3

= % é{A(t)[B;cos(mztx)cosh(wltx) - B;Sin(wztx)sinh(wltx)]

+ C(t)[B;cos(wztx)cosh(wltx)

+ S;Sin(mztx)sinh(wltx)]} sin ty dt

2 ?{ 1 w tY w W ty
+ =2 [{E(t) [- B,sign({w.)cos - B4Sin |
T o 9 1 ]/-B-g 9 @
] w tY H U.!zty “|w1|tY/" 85

+H(t) [Bycos 1 le cos txdt

- B,sign{w,)sin
BS 9 1 /gg

16



*
200 * * _lwl]tx
u, (x,y) = = I[K(t)cos(wztx) + M(t)sin(u,tx) e cos ty dt
o
2 % *1 * * XM *
vy(x,y) = = [{R(t) [- B, sign(w;)cos(u,tx) - B5 sin(uw,tx)]
o

*x M T
+ M(t)[B7 cos(wztx)

*
*1 * . * “leltx
- B4 51gn(wl)51n(m2tx)]}e sin ty dt (3.14)

and the stresses

m(l - vxyvyx) '
7 Tx1 (XY

£ {2A(t)[—Azsin(wztx)sinh(wltx) + Alcos(wztx)cosh(mlfx)]

+ 2C(t)[A151n(w2tx)81nh(wltxl

+ A cos(mztx)cosh(wltx)]}cos tytdt

2

o WLty o woty
+ f[E(t)(A3cos + A451n )

o] 85 VBS

- WAty Wty -l lty/VBg
+ H(t){~A4cos + A3sin le cos tx tdt
YB VB
5 5

Xy yX ooyl

2E, Oy1 (XrY)

£ {2Agt)[—Assin(mztx)sinh(wltx) + Agcos (w,tx) cosh(w, £x)]

+ ZC(t)[A55in(m2tx)51nh(mltx)

+ b .cos{w,tx)cosh(w tx)]}cos ty tdt

6
o wzty Wty
+ [IE(t) (4,cos + Agsin )
© - VBs VBs
+ H(t)(—Aacos + A7sin Yle cos tx tdt
VBsg VBg

17 -



£ {ZA(t)[Agcos(wztx)sinh(wltx) - Alosin(wztx)cosh(wltx)]

+ 2C(t)[Agsin(wztx)cosh(wltx}

+ A cos(mztx)sinh(wltx)]} sin ty tdt

10
}o w,ty w 'ty
+ [E(t) (-4, ,sin + A ,cos )
5 11 55 12 1/3—;
- w,ty w ity  —loglty/VBg
+ H(t)(Allcos + Alzsin Ve sin tx tdt
/Bg By
(1 )
T - V..V
X
*Y X _ ¢ 2(X,y)
2E
X

é [~K(t) [Aysin(wgtx) + A)4c08 (,tx) ]

*
% * * x '|m1[tx
+ M(t) [A,cos(w,tx) - Al351n(m2tx)]}e cos ty tdt
*
m{l vxyvyx)
0,5 {x,¥)
2. y2
Y
& x| * * *
£ {—K(t)[AGS}?(wztx) + By ,008 (0,tx) ]
2N e .
* % * * -l o itX
+ M(t) [A cos (W, tx) -~ A14sin(w2tx)]}e cos ty tdt
T
— T (x,¥)
26, X¥?
Xy
“ N * A* ai *
é {R(t) [ 9cos(w2tx) + 1531n(w2tx)]
*
* * * % 'leltx )
+ M(t) [Agsin(w,tx) - A15cos(w2tx)]}e sin ty tdt

(3.15)

18



where A(t), C(t), E(t), H(t), K(t), M(t} stand for the combinations

of the previous unknowns.
The bielastic constants Ai and Y; are given in Appendix B.

Hence, there are four possible material combinations for the
laminate composite. However, we will obtain the solutions for two
cases where the matrix and the layer both are either of material
type I or II. The other two combinations can be derived in an

identical manner.

The boundary conditions of the problem may be summarized as

follows.

At x = h

u, (h,y) = u,(h,y) ; vy(h,y) = v,th,y)

le(h,y) = oxz(h,y) ; Txyl(h,y) = Txyz(h'y) (3.16)
Aty =20

T;{Yl(X,O) =0, | 2] <h; Txyz(x,o) =0 , x| >h

v, (x,0) =0, x| >h | (3.17)

Uyl(X,O) = -p(x) , |x|<a; vl(x,O) =0, a <|x|;:h (3.18)
At x =0

ul(O.y) = '_rXYl(O,y) =0 | (3.19)

19



4, THE DERIVATION OF THE INTEGRAL EQUATION AND THE SOLUTION

4,1 For Material Type I

The stress and the displacement fields given by (3.12) and
(3.13) automatically satisfy the boundary conditions (3.17) if we

choose

v
H(t) = - ?ll E(t) (4.1)

On the other hand the mixed conditions (3.18) give

{1l — v__v__) _
Xy vX
a4 (x,0}

2E 1A

y Y

0 ~lw, lty/VB Yo, -—lesfty/vVE

lim | E(t)(Yse 1 > Ye MS PN 3 3 )cos tx tdt
y+0 o : Y12

+ [277A(t)cosh(wltx) + 2Y8C(t)cosh(w3tx)]tdt

&)
_ ﬂ(} - nyvyx) (%) x| < a
7, ‘
| w
v (x,0) = = £y, £ E(t)cos txdt = 0 , a<|x|<h (4.2)

To obtain the proper singularity, we will follow the procedure

deseribed in [13] and [14], and define a new unknown function by

— e = 7 Y19 i E(t)sin tx tdt = ¢(x) | (4.3)
gsuch that
o(x) =0, x| >a

and finally invert (4.3) to get

| a
Y{gtE(E) = ] ¢(x)sin tx dx (4.4)
5 ‘

20



Substituting from (4.4) into the first equation of (4.2) one
arrives at the singular integral equation. This will be done by

making use of the integrals given in Appendix C. Hence,

a [+s]
Y20 _£ Q%%%%E + £ [2Y7A(t)cosh(wltx) + ZYSC(t)cosh(wBtX)]tdt

m(l - VsV x)
= - s Ao p(x) - |x| <a (4.5)
y

where the definition of ¢(t) has been extended into the (-a,0)}
range as an odd function. The single-valuedness of the displace-
ments can then be expressed as

. _
[ ¢(t)at = o : (4.6)
-a

The next step is to determine A(t) and C(t) from the equations
(3.16). From (3.16), (3.12) and (3.13) after some manipulations
and an inversion we obtain

—2A(t}sinh(wlth) - 2C(t)sinh(w3th)

—]w;]th —Iw;Ith
L(t)e + N(t)e

~{w, | Ey/VBg

+

ENN

= 2 [ cos tydt [ E(&) [e
o o

Yyq- ~lwglEy/vVBg
-l 3 > lsin EHdAE
Y12

o |w, [E/VEBS Y |w,&8/VB -
[ E(E)sin £ndg [~ 2 - AL 3 5
o (W]E7/Bs) + t

S|

]
Y12 (w%EZ/BS) + t?

= Rl(t)
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‘2A(t)67cosh(wlth) + 2C(t)88cosh(m3th)

* *
-[ml|th -|w;]th

* % ) * %
+ sign(wl)87L(t)e + 51gn(w3)68N(t)e

'Iw11£Y//§g

I
=21
0“—38

sin tydy [ E(£) [sign(u;)Bge
o

Y -lw,|Ey/vB
= ¥i£ sign(w3)810e 3 > ] cos £h d§
12

t

E(Z)cos thdE[sign(w,)B
U wiereg) 4t

2

i
=
O“—3§

Y11 . t
- Yoo 51gn(w3)810

2.2
12 (m3E /85) + t

> 1 = Rz(t)

[—2y3A(t}cosh(wlth) - 2Y4C(t)cosh(wéth)

* %
-le[th * -|m3lth
+ Y17Y14N(t)e 1t

o0 w© -lw, | Ey/VBs “
% [ cos tydy [ E(E) [y e 1 5 :
o o

*
+ yl7yl3L(t)e

Y ~lw, |Ey/VBe
-, a1 s > ] cos Eh £4E
Y12

SN

® lwy VE/VB5
| E(€)cos En&dElY,

2.2 2
o N (WjE/B5) + t

. |wsE/VB5
2 Y12 (wie?/pg) + t

5 ] = tR3(t)
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[~2Y9A(t)sinh(wlth) - 2Y10C(t)éinh(w3th)

~|w} | th . ~|ox]th
+ oy gYal{tle T 4 yigvigN(tle 3Tt
w o -|w, | Ey/VBo
2 ! 1 5
= = [ sin tydy [ E(&)yq,le
. (o] o]
-, Ey/VBS
- e ] sin £h £4%
Y11 % £ €
= [ E(E)sin Enh EQE[ - ]
"o (Wle?/pg) + €2 (wiE%/Bg) + tF
= tR4(t) (4.7)

Functions Ri(t) can be obtained in terms of ¢(t) by substitut-
ing from (4.4) into (4.7) and using the intégrals given in Appendix
C. Hence,after lengthy manipulations,

a —(h-n)tfﬁg/|ml|

1
Rl(t) = 571;{ —a fe
Y ~(h-n) VB /| w, |
- e S 1 eman
12
T - (h-n) /B g/, |
R, (t) = E?I;E _é [sign{w;)Bge
Y1g - (h-n) t/Bc/|u,]
-~ —= sign{w,)B,.e 1¢(n)dn
Y12 37710
By a1~ e/B/ e
Ry(t) = = 5o—g [ I e
Y19t 5 ]wl]
Y v, —(h-mt/B./]w,]
Stz 73 1 s(myan
Y12 Ju,|
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R (6 = v,,7F; @ L1 e-(h—n)tfﬁg/lwll
4 2Y1ak
19° -a le|
- (h-n) t/B5/| 6,
- e © 7 1¢(man (4.8)
|y

Solving (4.7) for A(t) and C(t) and substituting into (4.5)'

gives the following singular integral equation.

I - vo.ov...)
1 ? o(t)dt ? X _ ( Xy yX
= 2T (x,t)9(t)at = - p(x}
i —a t-x -a ZYEOEY
x| < a (4.9)
subject to
a
{ ¢()at = o (4.10)
where
o ~(h=t)nvVBo/ | w, |
_ 1 5 1
k{x,t) o g [k, (x,n)e
—(h-t)?’i/é;/lw3|
+ kz(x,n)e 1 dn

1
kl(grn) = i?I;fTﬁT [Y7f5(X;ﬂ)f7(ﬂ).+ Y8f6(X;ﬂ)f8(ﬂ)]

1
= sy V7fs (XM Eg (M) + vgfaxymf15(m)] (4.11)

k,(x,n)
2 2119

and
£(n) = £5(mE; () - £,(n)1E,(n)
£.(N) = y,5 + vy, tanh (wynh)
£5(n) = Y,9 + Yogtanh(wgnh)
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fs(n,x) = cosh(wlnx)/cosh(wlnh)

fG(n,x) = c%sh(m3nx)/cosh(w3nh)
) £,(n) = y3g ¥ Y3gtanh(wsnh)
£ga(n) = Yu4 f Y4qtanh (wynh)

fq) = vyy *+ Y, 3tanh{w,nh)

Changing the variables
t = art , : X = ay and

p(t) = ¢O(T) , px) = po(x)

ko(x.T) = ak(x,t)

g(x) = - XY YE b (x) (4.13)
2Y20Ey o
we obtain
1 ¢ _(T) : 1

1 [} _
I dt + _{ k,OGT) b (1) dT = g(x) |x| <1

1

[ 9 (m)dT = 0 (4.14)
-1

The solution with the proper singularities will be sought in

the form

b (1) = S (4.15)
V1= 12 -

where F(t) is Holder continuous in the interval -1 <t <1.

Hence following the procedure described in [7] we arrive at
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N
Z N [ T -—’X. + Wko(xi’Tj)] = g(Xi) r 1 = l,-nn'N_l

k=1 3 i

¥ ou

k£1 g Flts) =0 (4.16)
where

Tj = cos%% (23-1) , | j=1l,...,N

Xy = cos%% ' i =1,.,.,N;l (4.17)

From (4.16) N unknowns F(Tj), j=1,...,N can be solved.

4.2 For Material Type II

Choosing'
A12
H(t) = - g7 E(t) (4.18)
11

we see that the expressions (3.14) and (3.15) for the stress and
the displacement fields automatically satisfy the boundary condi-
tions (3.17).

The mixed conditions (3.18) give

(1l - v__ v __}
Xy ¥X
g . (x,0)
ZEY vl
g {2A(t}[—A551n(w2tx)51nh(mltx) + A5cos(w2tx)cosh(mltx)]
+ 2C(t) [Acsin(w,ytx) sinh(w tx) + A6cos(w2tx)cosh(mltx)]}tdt
oo wyty wzty‘
+ 1lim { E(t) [(&,c0s + Agsin )
y*0 o By VB5
A, Wty w,ty -|w1|ty/¢85
- T (-Ascos + A7sin Jle cos tx tdt
11 VBg VB35
m{l - v_ . v.__)
== sE L p(x) |x| <a
Y
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=2

(]
Vl(X,O) T £ E(t)cos txdt = 0 , a<lx| <h (4.19)

Now, in a similar way, we will define the new unknown by

Bvl(x,O)

2 F .
— =-= AlG g E(t)sin tx tdt = ¢(x) (4.20)

such that ¢(x) = 0 for |x|> a.
Inverting (4.20) we obtain

-A, _tE(t}) = $(x)sin tx dx (4.21)

16

O

substitution from (4.21) into the first equation of (4.19)
yields

Boq I 2(EVAE ., [ [2a(¢) [-Agsin(uytx) sinh (w) tx)

O

+ Ascos(wztx)cosh(wltx)]

+ 2C(t)[ASSin(wztx)sinh(wltx} + Aﬁcos(wztx)cosh(mltx)]}tdt

T(1l = v_ . Vv_.)

X X |
= st p(x) x| <a (4.22)

where the extension of the definition of ¢(t) into the (-a,0) range
reguires the single-valuedness of the displacements, i.e.,

a

[ ¢(t)dt (4.23)

A(t) and C(t) are determined from (3.16).

From {(3.16), (3.14) and (3.15) after some manipulations and

an inversion we have
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—ZA(t)COS(wzth)sinh(wlth) - ZC(t)sin(wzth)cosh(mlth)

—2A(t)[s;cos(mzth)cosh(mlth)

3]

1
T

* *
* 'lelth * 'lwllth
+ K(t)cos(mzth)e + M(t)sin(wzth)e
- ' -
brs . 12 B8 12
== £ - -t =2+ =t
o /Eg 11 /Eg 11
J E(E)sinthdl|—— + =
o) mlg (mzz 2 wlg : (w2£ )2
+ (=2 + t) + (== - t
e /By Bs /By ]

- B;sin(wzth)sinh(wlth)]

- 2C(t)[B;cos(wzth)cosh(mlth) + B;sin(wzth)sinh(wlth)]

*
x| * * ko * 'lelth
+ K(t)[-B7 51gn(w1)cos(w2th) - 67 sin(mzth)]e
%
*n %* k1 * * “lelth-
+ M(t)[B7 cos(mzth) - 87 51gn(wl)51n(w2th)]e
A A
"—EE"'Alst - 23 p 4t
- /T /Bs
[ E(€)cos Eh dE|—5— + ——
o} wlg wzg 2 wlg w2€ 2
7+ (—— + t) a— + (—— - t)
| Bs /B 5 /B: ]

{-2A(t)[-Azsin(wzth)ginh(mlth) + A cos(w,th)cosh{uw,th)]

ot L

o—28

- ZC(t)[Alsin(wzth)sinh(wlth} + Azcos(wzth)cosh(mlth)]

- K(t)[A21

*
+‘M(t)[Azlcos(w2th) - A

Sin(w;th) + A

—Iwz]th

: B *
22cos(wzth)]e

*
o -lw lth
2251n(m2th)]e It

E(f)cos EhEQE




{-2a(t) [Agcos (w,th) sinh(w th) - A, 8in{w,

‘ —2C(t)[Agsin(wzth)cosh(wlth) + Alocos(mzth)51ph(wlth)]

th) cosh (mlth)']

*
* ) * 'lw]_[th
+ K(t) [A2.4cos (mzth) + Azss;n(mzth)]e
*
] * . * 'lelth
+ M(t) [A,,sin(w,th) - 4, cos{w,th) Je }t
'a lw, |E \ logle
L= S 9 e
= = [ E(§)sinth£dE|——3 - 3
o) wjE wZE 2wyt 56 2
+ (5=~ -t) + ( +t)
“B. R
B VR 5 /By .

tH4(t)’

(4.24)

From (4.21) and (4.24) and the integrals given in Appendix C

Hi(t) can be obtained in terms of ¢(t), i.e.,
A31 a
Hy(t) = &= _£ {A32cos[ w, (h-n)t]
' - 0y (h-m)t
+ sinl w, (h-n)tlle ¢ {n)dn
-1 a
H,(t) = 5% __g{ cos[ w, (h-n)t]
—wy (h-n}t
+ ABGSin[ w, (h-n)tl}e ¢{n)dn
A a -, {h=-n)t
Hy(t) = =L [ sinfu,(h-n)tle 6 (n)dn
A a w
38 2
Hy(t) = —= _£ { oy cos[ w, (h-n)t]
' - wl(h—n)t
- sin{ @, (h-n)tlje ¢ (n)dn
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Solving (4.24) for A(t), C(t) and'éﬁbstituting into (4.22) we

obtain the following singular integral equation

a a (L - v v )
z J QéEL—E [ e eetdt = - — I p(x)
-a -a 27y
|x| < a (4.26)
subject to

a
[ ¢(tv)dt =0

—d

where

B(x,t) = —— j {8, (x,n)cosl w, (h-t)n]
27 ©

_ : - wy (h=t)n
+ Bz(x,n)sin[tuz{h-t)n]}e dn
| 1
8,(x,n) = ERO 95 (Mggy (x/n} + g, (Mg, ,(x,n)]

_ 1
0,(x,m) = g (M (g, (Ndg 4 (x/m) + g g(n)gy,(x,n)] (4.27)

9o (M = g, (Mg, (M) ~ g,(n)gym)

A
gl(n) = - —%g cos(mznh] + [—=5= 41 sin(mznh) + COs(mznh)]tanh(wlnh)
A A0 '
gztn) = - —%i cos(mznh) + [~ —5 tanh(mlnh) + 1]sin(m2nh)

93(HJ = - A44cos(m2nh) + [ﬂ45tanh(mlnh) - l]sin(wznh)

94(n) = - A45cos(w2nh) + [-§44sin(m2nh) + cos(wznh)]tanh(mlnh)
(4.28)

g5 (n) = 45,9;(n) + Ag3g,(n) + Bgog3(n) + Ageg, (D)

9. = Bgegy (M) + Agg9,(N) + 85793(N) + bgrgy(m)

g, (n) = bg,gy(n) '+:"A':6.::592(”) + A67q3(ﬁ) + beggsn)

g9g (M) = Boyg(N) + Bg0g,(n) + By3g5(n) + A5,9,(n) (4.29)



sinh(mlnx)

9 (x,n) sin(wznx)

cosh(wlnh)

cosh(mlnx)

glo(x'n) = cosh(wlnh) cos(mznx) (4.30)

Changing the variables
t = art , X = ay
p(t) = ¢ (1) , p(x) = p,(x)

B, (X, 1) = ab(x,t)

_ (1 - u%yvyx)
rix) = A o Pq (X) (4.31)
27y

we then have from (4.,26)

1 J} ¢O(T)
T_3] T-X

1
dr + { 6, (x, D)o (T)aT = x(x) , Ix| <1

1
[ ¢ (rrar = 0 (4.32)
-1

Expressing the solution as in (4.15) we arrive at

N F(Tj) ]
kzl r— L e=g M0, TP = o) 0 i=1,..N-d

F(t.) = 0 ' (4.33)

| e~12

where T. and X; are defined by the equations (4.17).

5. STRESS INTENSITY FACTOR

Due to the symmetry T l(x,O) = 0, hence the stress intehsity

=y
- factor will be defined by

K = 1lim v2{x-a} a l(x,O) {5.1)
Xra b4
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5.1 For the Material of Type I

From the equation (4.9), the dominant part of Gyl(x,O) which
contributes to the stress singularity at the crack tip can be
expressed as

2Y,nE a
20"y ¢(t)dt o
L= Vv, ) J = + 00y (%,0) (5.2)

o] l(X,O) =

where from (4.15)

a}_?‘(t/a)em‘/2 (5.3)

o(t) =
(t-a) 1/ 2 (t+a) 1/2

and d;l(x,o) is a function which is bounded at the end points.

The behavior of the Cauchy Integral in (5.2) near the end
points x = *a will be determined by following the method given by

Muskhelishvili [8].

Hence, defining a sectionally holomorphic function

l a

2 (z) = j elt)ae - (5.4)

- Z

from (5.3) and (5.4) we can write [8]

| s
/a7Z F(-1)e™ 2% /377 F(1)
% (2) - b6 (2) (5.5)
(z+a)J’/2 (z-a)l/2 ©

Here, @6(2)7is7bounde&”everywhere except the end points where

C
L] & <1/2
| o(z)l Izialao ’ o< 1/

C and Gy being real constants.

Hence from (5.1}, (5.2), (5.4) and (5.5)

2y, .E. va :
K=-1q _23 L F(1) (5.6)
‘ Xy yX
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which is also the same at the tip x = -a. (5.6) can be derived

also by using a different approach (gee Appendix D).

F(l) can be obtained iﬁ terms of F(Tj), i=1,...,n either by

an extrapolation or even better by using the formulas given in {11}.

5.2 For the Material of Type II

In this case cyl{x,O) can similarly be found by replacing Y20

in (5.2) by A [see (4.26)]. Hence,

27
2A__E Va

K = - 27 ¥ F(1) 5.7
(1 - nyvf;T : | (5.7)

6. DISCUSSION

From the point of view of the analysis, the important problem
is the one with nonzero crack surface tractions and vanishing
loads af infinity. The solution to the actual problem, with the
stress-free crack surfaces and the loads applied at infinity, can
be obtained by a simple superposition. Hence, in the following,

we will assume
UYI(X,O) = -p(x) =‘vpo = constant {(6.1)

and plot K/po/E vs. a/h for various material combinations.

T™wo different materials and thelir elastic constants will be

given below as examples of materials of'Type I.
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Boron Epoxy

£, = 3.5%10° psi, E, = 3.24x107 psi
_ . 6 .
vyx = 0.23, ny = 1.,23x10" psi
and for the plane strain
E = 3.5x10° psi v _=wv__ = 0.23 (6.2)
Z : ' Z2X ZY - : -
Glass-Fiber (20% volume fraction)
- 5 . _ 6 .
Ex = 6.6%x10” psi, Ey = 2.52X10° psi
_ _ 5 .
vyx = 0.32, GXy = 2,9%x10" psi
and for the plane strain
E = 6.6x10° psi v =v__ =0.32 (6.3)
A * g zZX Zy ; T

In Figure 1, the results in the‘case of generalized plane
stress are plotted for two matérial combinations consisting of
boron-epoxy and glass-fiber. As may be expected, the lower curve
illustrates the stiffening effect of a boron-epoxy matrix, result-
ing in possible crack arrest. Both curves tend to unity as a/h >0
which corresponds to the solution of an infinite orthotropic plate
with a crack. At the other end, as a/h=+ 1, the effect of the
material dissimilarity'becomes more apparent. If the crack propa-
gates and reaches the interfaces, then the resulting problem, for

which a=h, requires a separate treatment.

Figure 3, like Figure 2, illustrates the variation of K/pOJE |

vs. a/h in the case of plane strain.

gimilar curves are given in Figures 4, 5 and 6 for the
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materials of Type II. For this purpose the following materials

are chosen:

For Figures 4 and 5:

(1):  E_ = 2x10° psi, E, = 2.52¢107 psi
6 .
Vyx = 0.20, ny = 4x10" psi
and for the plane strain
E_ = 2x10% psi v =v__ = 0.20
z pSiy ZX zy *
o 6 . _ 6 .
(II): Ex = 2.40x10° psi, Ey = Bx10° psi
v__ = 0.25, 6. = 3x10° psi
Xy X
and for the plane strain
E = 2.40x10% psi, v__ =v__ =0.25

z Zx ) A

For Figure 6:

(111): £ = 2.40x10° psi, B, = 8x10% psi

_ . au1n®
Vyx = 0.25, ny = 3x10

psi
6 . 7 .
(IV) : EX = 1.5x10" psi, Ey = 4x10° psi

= . - _ 6 ,
Vox = 0.20;, o ny = 4x10"° psi

The discussion of these curves can be made similarly.
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APPENDIX A

It can be shown that $3 and s, as defined by (3.4) are either

real or complex conjugates. Hence, two possibilities exist:

1 - Material of type I:

= Wy, S, = Wy wy = Wy =0 (A-1)

from which it follows that

86’ B?' 88! 891 810 are real

2 - Material of type II:

S, = wy + iuw,
S, = Wy - iw, =8, , Wy =Wqy Wy ==, (a-2)
from which we obtain
Bg = E?’ B1o = Eg,' Bg = pure imaginary {(A=-3)
In the case of generalized plane stress from (2.20} and (2.17)
we have

a E E

By = = r By E T
ny(l - vxyvyx) | ny( - vxyuyx)
vyxEx

B3 = lrg T -5 _v ) (a=4)

Xy Xy ¥X

Hence from (3.4) and (A-4}

By

E
= 2v —EY__'

(A-5)

NHLJU

8
yX Xy 5

Therefore the equation to determine $q and So takes the form [see

(3.4)1]
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1 _ %y Px 2,5y |
s’ - g (E__ - 2vxy)s + =t =0 (A-6)
X Xy X :
or by change of variables
1 _ . '
"S"'—-lu . (A?)
we have
E , E
wd ey EE_ - 2vxy)u2 + EE = 0 (A-8)
Xy y

It has been proved by Lekhnitskii [6] and [12] that equation

(A-8) has no real roots. The possible roots are

b) 63-+64i,

1-11 ]-12 = "63"'641 ’ Ul; 112 (A-—Q)

Hence from (A-7) and (A-~-9) we conclude that the roots in terms

of s are
a) sy, =81, ' Sy -s, all being real, or
b) sy, ~Sys El, ”El s, = complex (A-10)

Hence the propositions in (A-1) and (A-2) are proved.

In the case-of plane strain the same results are obtained [6],

f1i2].
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B.l Material Type I:

APPENDIX B

Dimensionless bielastic constants Yyt

Y1

g
1+ yX 179 , Y2 -
VB
5
wy + VyBy v Yq =
wy B
N , Y, =
v w, + B ’ Yo =
xy 1 7 8
-1+ wBg Y10
* K *
-1+ wyBy Y10
lug | :
- + Bgslgn(wl) '
By
*
- Imll v 8731gn(w1)
* %
vxy‘“l' Bsign (w,)
*
By 7 VeyVyx
E_ ] ¥k ! T1s
X 1= v Vo

sign(ml)89 -

A1
s 776 v,

2Y1g

. ok
51gn(w1)87 -

12

} * %
SLgn(w3)88

40

Y
11 .
o 31gn(m3)810

+ Blosign(w3)
% *
3| - vYX8851gn(m3)

LI *
3l - 8851gn(w3)

|
<
E



*
1 + si (w*)ﬁ8
sign (W, ?gz

!

*
- ¥y + 67(Yl4 = Y13)

Y Y
. . * 117713
Yoo Y17Y14 = 51gn(w 3)Bg *—751‘
Y17 *
-y, + 8 (Y - Y13)
4 Y2l 14 13
F 3
Y18Y9 ' x ® % x
- Y = yi; sign(w3)Bg + Y19Y19722
* *
Y - Y
18%7 Y2l
*
Y1gY9 k% .
* *
Y -y
18"8 Y5,
Y17 * LR * Y ¥aq) =
Y31 [{vy3 = Ype)Bgsion(ug) = ¥y.75;) = -y
Yl? * *
v "7

Yla * * L * *ok
— [{vg = vyq)Bgsignluwy) - Y10Y21!

Y29 = + Y4,Bgsign(w,) - £
ol Y34 = Y30 ¥ Y31P9 1 lw, |
1 (4 vy By sign(eg) - Y2 1

Yy, 30 3110 ’ sl
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. - Y11785
’Y36 = Y32 + Y338951gn(w1) +
Imll
Y Yq,¥YB
_ 11 . 12" "5
Y37 < ¥, [Y3p + Y33B1gsign(wy) + ™
3
Y3g T V35Y25 = Y34Y29 ¢ Y39 = Y3624
Yao T Y34Y27 T Yag¥23 ¢ Ya1 = Y34Y26
Yap T Y35¥29 = Y39¥25 Y43 T Y35Y2g
Ygq4 = Y37Y¥23 = Y35Y27 ¢ Yg5 = Y37725
B.2 Material Type II:
Dimensionless bielastic constants Ai:
[ ] n 1 n
* _ *' . *II * _ *l . *!l
[ ] un
Al = Wy + nyB7 ' Az = w, + ny87
I et gt A 1 +
2 r 3
2 yx~7 ' /Eg
\)yx [ } l | n
A, = 4= (w,sign(w,)Be + |w,|Bg)
4 s 2 1’ Pg 1!Pg
T 113
By = WV, * By Bg = WyVyy + By
N * + g A v o+ L
= W.v = — (-
6 2wy 77 7 Xy :
. /B
A4 n
AB =3 ' A9 = -1 w287 + W
YX
* Tk xM x &1
hg = =L = wyfy + wiBg
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T Y34Y2g

= Y36724

= Y37Y24

- Y35Y2¢

v n ]
zx
(muaBg + w1Bg)



+ B;sign(wl)

*

* *x 1 *
lel + vyx87 sign(w)

* * *t *
vxylmll + 87 51gn(wl)
® kU £ *
w,B, sign(e;) |wl]B

Aip w

]
- Bgsign(w,) - =—=
9 1 All

%"
7

By

i9

21

23

25

27

29

31
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34

36

38

40

42

43

44

45

46

48

49

51

52

54

32 °

29 W3
B g0y Oy Byg = wybye = Jugldy,
A
1 16
LSNP 2w ALy , A, = 28
5. 33 2hy6 35 Vs
Y2, “34 A - t1e’Ps
5t T 37 Zu K],
Ayolwql
1 A1gluy n X1 *
I Y byg = AyB7 = by By signluwy)
2 A BL - ABEY, B, = <2 (A ABE )
S (h21B7 7 By Ve Bay TR 2187 = 828
2 (A B - ABTsi *
By | (8,8, = £;8, signlw)]
2 A B" A *I' . *
By (85,87 = 8,85 sign(w;)]
LA (ba =Bl) = Boihyo]
28, a0P24 7% 25842
L AL (AL, —Ay) - AoA,a]
26, Pa1lt2a 7% 25843
g
) ﬁ [(A YA - A ALL]
25, 'bi‘gg 24 = Bg)l57 = By5hy,
1 ) 1 _[ *
m [- 37 (A24—A9) + !_\2537 Slgn(wl)]
gt
_ P N !
, -
28, 50 = 70,
.-‘_\.‘ W
38 Y3
28378358,4 = g By Baq
Agy8s + Agq = Agy84
Ayibdgy + bgo 0 Agg = Lguly



56

57

58

60

61

63

64

66

67

69

70

72

73

A_ A

5486
Asg
208310, + B398,g) Ky Asghag
Bgqbs hgg = bgqlg
A3y *+ B36b50 — 2837849
A60ls Bga = Lgols
A w
| 38 Y2
oA Aoh, . ~ A, - 28 _2
31832846 = %47 T T, B,
Lesbe Ags = = Bgals
~ 831835 ~ 85
= Bgghs v Aeg = Lggls
Asg
2(h318 6 + B3ghyg) ¥ Lrpe Aseby7
Beole Ay1 = = Bgols
- Bgaq = Baebgy + 28,404
LT PLI Bag = BqphE
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APPENDIX C |

Calculation of certain integrals.

From [9] we have

[»+]
f e @tsinbtat = 5 b 5 . a>0
o a“ + b
=]
f e ®%00s btdt = > a 5 v a>0 (C-1)
o a“ + b i
o 1 1
| [ 5 5 = 5 é] sin{ax)dx = % e assin(aY) '
o [B” + (y-x) B + (y+x)
a>»>0, Re(B)> 0, (y+iB) is not real
f [ 5 5+ %] cos{ax)dx = % e *Pcos(ay) ,
o [B® + (y-x) BY + (y+x)

a>0, {Imy] < Re(B)

and by properly differentiating with respect to a

) { X - X cos (ax) dx
0 82 + (Y—x)2 82 + (y+x)2
= % e"aB[-Bsin(aY) + yecos(ay}]
/ [ 5 = 5.+t — X %] sin(ax)dx
o B + (y-x37 - B + (y+x)
= % e*aB[Ysin(ay) + Bcos{ay)] | _ (C-2)
Special Cases.
H 1 T -af
/ cos(ax)dx = =z e
o] 82 + x2 2B
o] . - B
| sin(ax)dx = o e °
o] 82 + x2 2
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i —————-T sin(ax)dx = T (1 - " B3 - (C=3)
o

%(B2 +x°) 282
b(c +d%) 2bd b
- bletdl) ¢y o 24
a + b/E _ f2t2 £t _%?
ct? + (dE + Ft) 2 ct? + (df + ft) 2 3
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APPENDIX D

Derivation of the Stress Intensity Factor Expression:

From (5.2) and (5.3) we have

2Y A B l
207y F(t) dr o
o (ax,0) = - / —— + o, (ax,0) (D-1)
vyl Y T(l vxyvyx) -1 /SIS 2 T=-% vl

where x = ay, t = art.
Expanding F(t) into a series of Chebyshev polynomials

F{T) =
J

Ne~18

0 CjTj(T) (D-2)

and substituting into (D-1), with the use of the formula [13]

mUL (0 Ixl <1
i Tj(T) dr_ _ j-1

-1 v1o2 TTX 7 (V2 -~ x13

: ' x| >1 (D-3)
(_1)j+l ’%7:1 :
for |x| » 1, we obtain
2v..E . 0 _ J
041 (aX,0) = 20 1 oy Mo Xty 60 ax 0,
(L - vxyvyx)fxi_l =0 (-1)
Ix| >1 (D-4)
Hence
2Y 50 vYa @
K = lim v2(x-3) 0 _;{%x,0) = - 17— L—v 1 C, (D-5)
X+a Y Uxy yx’ j=0 J
But from (D-2)
F(1) = )} C.T.(1) = ] C, (D-6)
3=0 33 3=0 J
Hence, we finally obtain
2y ,+E. vVa
K=~ 17 _2?) - y F(L) (D-7)
' Xy YX
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Figure 1. Geometry of the Problem
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